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We present a detailed mathematical analysis of the original Retinex algorithm due to Land and McCann [J.
Opt. Soc. Am. 61, 1 (1071)]. To this end, we propose an analytic formula that describes the algorithm behavior.
More than one Retinex version (e.g., with and without threshold) is examined. The behavior of Retinex varying
the number of paths is predicted, and its recursive iterations are mathematically analyzed using the formula.
The mathematical setting presented serves as a common ground for the various Retinex implementations. Its
validity is confirmed by the tests on images that we have performed. © 2005 Optical Society of America
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1. INTRODUCTION

The Retinex algorithm of Land and McCann' is one of the
most famous attempts to model and explain how the hu-
man visual system (HVS) perceives colors. Land and
McCann carried out several experiments demonstrating
that color perception is not a simple signal acquisition.
Our visual system automatically performs a “computa-
tion” on the acquired signal that makes our perception
more complex than the trivial sampling of light distribu-
tion. Land and McCann called this computation Retinex.

During the past 40 years, the Retinex model has in-
spired a great variety of implementation and
discussion??® with results, in some cases, that are diffi-
cult to compare. Even Land and McCann presented differ-
ent Retinex versions.?®? The model seems to have a re-
newed interest for the scientific community, as can be
seen in the citations above. The state of the art of the re-
search on Retinex can be read about in Ref. 33.

Here we present a mathematical definition of the basic
Retinex algorithm.! Being written in mathematical lan-
guage, this definition is completely independent of the pe-
culiarities of the implementation, and we believe that it
can be used as a common background for various Retinex
versions. The need for such a definition has been recently
pointed out in Ref. 20. We prove that the mathematical
definition of the basic Retinex is well posed, showing that
it is equivalent to the function computed by the original
algorithm of Land and McCann.

As will be discussed in more detail, the Retinex algo-
rithm depends on several parameters (such as threshold,
number of paths, and iterations): We show that the quali-
tative behavior of Retinex in relation to the variation of
these parameters can be predicted by using the math-
ematical definition. Finally, we report the results of sev-
eral tests on images that confirm the predictions of the
theoretical model.
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2. ANALYTIC FORMULA FOR THE RETINEX
ALGORITHM

Starting from the basic Retinex, we propose a formula to
define the algorithm mathematically. We discuss its char-
acteristics in the next subsection.

A. Basic Retinex Algorithm

The basic Retinex model is based on the assumption that
the HVS operates with three retinal-cortical systems,
each processing independently the low, middle, and high
frequencies of the visible electromagnetic spectrum. Ev-
ery independent process forms a separate image that de-
termines a quantity called lightness and denoted by L.
When Retinex is applied on digital RGB images,lo’12 the
triplet (Lgr,Lq,Lp) of lightness values in the three chro-
matic channels is the information that determines, by su-
perposition, the perception of what we call the color of ev-
ery pixel of the image.

Inspired by several experiments,?® Land and McCann
found out that an efficient way to compute the lightness
values of a pixel  in an image was to consider a certain
number of paths, starting at random points and ending at
i, and then to compute the average of the products of ra-
tios between the intensity values of subsequent points in
the paths, with these prescriptions:

e If the ratio does not differ from 1 more than a fixed
threshold value, then the ratio is considered unitary.

e If the chain of ratios passes the value 1 at a point of
the path, then the cumulated relative lightness is forced
to 1, so that the computation restarts from that point.

The first prescription is called threshold mechanism,
and, thanks to it, the algorithm disregards smooth
changes in color due, for example, to smooth gradients of
the illuminant.

© 2005 Optical Society of America
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The second prescription is called the reset mechanism,
and it is responsible for the so-called white-patch behav-
ior of Retinex, meaning that the points that enable the re-
set mechanism become the local references for white.

The only formulas available in the literature (see, e.g.,
Refs. 10 and 30) to describe the lightness L of a pixel ¢
computed by Retinex in a given chromatic channel look
like this:
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where j;, is the starting point of the kth path (i is the end
point of every path) and where
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In this paper we want to propose an alternative formu-
lation, which is more suitable for further mathematical
analysis. We hope that this formulation might stimulate
the investigation of other interesting Retinex versions
(e.g., Ref. 32).

B. General Background for the Formula

Given a digital image, consider a collection of N oriented
paths vy, composed of ordered chains of pixels starting at
Jr and ending at i. Let n;, be the number of pixels traveled
by the path vy, and let ¢,=1,...,n, be its parameter, i.e.,
vi:{l,...,n;}—Image CR?, y,(1)=j, and y,(n;)=i.

For simplicity, write two subsequent pixels of the path
as y(t)=x;, and y(¢+1)=x; 1, for t,=1,...,n;-1. Con-
sider, in every fixed chromatic channel ¢ e {R,G,B}, the
pixels’ intensities I (xtk), 1 (xtkﬂ) and then compute the ra-
tio R; =1I(x;,+1)/1(x; ). For technical reasons put Ry=1 and
normalize the intensities to take their values in the real
unit interval (the normalization factor is 1/255 if 8 bytes
are used for each pixel in every chromatic channel).

C. Formula

We claim that the (normalized) value of lightness given by
Retinex for a generic pixel i, in every fixed chromatic
channel ¢, can be obtained by this formula:

N np-1
Le == II a®,), (3)
k=1 t=1
where §,:R*—R*, k=1,...,N, are functions defined in

this way: 6,(Rg)=1 and, for ¢,=1,...,n,-1,
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rRtk ifO<R, <1-e€
1 ifl—e<Rtk<1+e
) l+e
R, ifl+e<R; < P
5u(R,) = I1 68, .
mp=0
1 . l+e
) ifR, >3
Il s(=,.) I s=®,.)
\mk=0 mp=0

4)

€>0 being a fixed threshold.

The first option is satisfied when the intensity of the
pixel Xpy41 is appreciably smaller than the intensity of the
pixel x; ; then &, reproduces the value of the ratio R,,.

The second option occurs when only a very small
change in intensity is measured between two subsequent
pixels. In this case 3,(R;,) is defined to be 1, so that the
product of the ratios remains exactly the same as in the
previous step. This is the mathematical implementation
of the threshold mechanism.

The third option is referred to as the case when the ra-
tio R, is greater than 1+e but the product
S,(R1)8,(Ry) ... 5k(Rtk—1)Rtk is not greater than 1+e. In
this situation &, reproduces the value of R;, as in the first
option.

Finally, the fourth option holds when
5 (R1)0(Ry) ... S(R; _1)R, >1+e€, and in this case d re-
sets the chain of products to 1 because a “local white
pixel” has been reached. This option implements the reset
mechanism (and so the white-patch behavior) of the algo-
rithm.

It is useful to write the contribution of the single path
v, to L(i) as Lk(i)zl_[;‘kkz_llék(Rtk), so that formula (3) re-
duces simply to the average of these contributions:

1 N
L) = K,gl L), (5)

D. Proof of the Equivalence between the Formula and

the Function Computed by Retinex

To prove that the definition of Retinex presented above is
equivalent to the function it computes, it is enough to
prove that the contributions L,(i) are the same as the
ones computed by Retinex. We prove this by induction on
the number of pixels: for n;,=2 the proof is trivial, so we
start by showing the complete proof for a path with n,
=3 pixels, then we assume the correctness of the formula
for ny—1, and finally we prove the correctness for n,.

. nk=3:Lk(i)=Hf’]:=115k(Rtk)=5k(R1)5k(R2). We have to
distinguish between 16 mutually different situations (the
third and the fourth options correspond simply to R;=1
+eand R;>1+¢, respectively); see Table 1. In all cases we
recover the correct behavior of Retinex.

e n,-1: Assume that Lk(i)|nk_1=l_[;‘kk=_125k(Rtk)
=5,(R1)5,(Ry) ... 5k(Rnk—2) is the expected contribution to
L(7).
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Table 1. First Step in the Proof by Induction

0<R;<1-€ S(Ry)=R; 0<Ry<1-e€ S.(Rg)=Ry L,(i))=RR,
0<R;<1-e€ S(Ry)=R; 1-e<Ry<l+e S(Rg)=1 L,(i)=R;
1+e€ .
0<R;<1l-e€ (R =R, l+es<Roy<——— S5,(Ry)=R,y L,i)=RR,
Op(Ry)
1
0O<R;=<1- 8(R)=R Ry>—— O(Ro)=7— L;(i)=1
1 € w(R1) =R, 275 R’y w(Rg) R, (D)
1-e<R;<1l+e€ S(R)=1 0<Ry<1-¢€ S(Ry)=Ry L,(i)=R,
1-e<R;<1l+e S(Ry)=1 1-e<Ry<l+e S(Rg)=1 L,G)=1
l+e .
1-e<R;<1l+e€ S(Ry)=1 l+esRys ——— S(Ry)=Ry L,(i)=R,
S(R1)
1 L.(i)=
1-e<R;<1+ 5(Ry)=1 Ry>—— 5,(Ry) == #()=1
€ 1 € w(B21) 2 5.(Ry) (o) 1
R1=1+E 5k(R1)=R1 O<R2§1—E 5k(R2)=R2 Lk(i)=R1R2
Ri=1+¢ (R =R, 1-e<Ry<l+e S(Rg)=1 L,(i)=R;
1+e€ .
Ri=1+¢ (R =R, l+e<Ry<——— Sp(Rg) =Ry L,(i)=RR,
Op(Ry)
1
R;=1+ S5(R1)=R Ry>——— S(Ry)=7 L,(i)=1
1 € w(R1) 1 2 5(Ry) w(Rg) R, (0
R,>1+€ S(Ry=1 0<Ry<1-e€ S(Rg)=Ry L,(i))=R,
Ri>1+€ S(Ry)=1 1-e<Ry<l+e S(Ry)=1 L,G)=1
l+e .
Ri;>1+€ S(Ry)=1 l+es<Ro<——— S(Ry)=Ry L,(i)=R,
S(R1)
1
R{>1+ S(Ry)=1 Ry>——— S(Ry)== L,(i)=1
1 € w(R1) 2 5(Ry) w(R3) 1 ()

Table 2. Last Step in the Proof by Induction

O<Rnk_1s l-€

§k(Rnk—1) :Rnk—l

Lk(i)‘nk: Lk(i)|nk—1Rnk—1

1-e<R, ;<1l+e 5k(Rnk,1)=1 Lk(i)\n,f Lk(i)|nk—1
l+e<R, ;< 721; By 1) =Ry Lk(i)‘n,f Lk(i)|nk—1Rnk—1
RS0 (R )
1 1 np=2
Boi” it o M) 2 5 By L= s
my,=0 k( mk) my=0 k( mh) "k Hzlkk;zo(sk(Rmk)

oy Lk(i)\nkzﬂt”kk;f&k(Rtk): L), -104(Rp,-1).  We
must analyze four distinct options: see Table 2. Even in
this case we recover the correct contributions. Q.E.D.

E. Logarithmic Formulation

We have proved that Eq. (3) describes the function com-
puted by the basic Retinex algorithm. Now we want to re-
write formula (3) in the so-called logarithmic formulation.
Most of the implementations of Retinex in fact use this
formulation instead of the original one. The reason lies in
the fact that the logarithmic function transforms products
into sums and divisions into subtraction, hence reducing
the computational cost of the algorithm.

To construct the logarithmic formulation notice that
L,(i)>0 for every k=1, ... ,N;, thus it makes perfect sense
to apply the identity function on R* decomposed as exp
o log to L,(i), and what we get is another way of writing
formula (3):

N

1 1 X
LG) = K% [ expelog)(Ly(i) 1= ]—vkEzl (expelog)
np-1
x( IT @(Rtk)). 6)
tp=1

The usefulness of this manipulation lies in the fact that
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the properties of the logarithmic function enable us to
write

1 N np-1
Li)==> exp( > 1og[5k(Rtk>]). (M)
Nia t=1

We can simplify the formula by defining T(xtk)=log(1 (xz,)),
RtkzlogRtk=7(xtk+1)—7(xtk), Ro=0. We define the functions
&, to be Ek(ﬁ:o)=0 and, for t,=1,...,n,-1,

[ -
R, if —o<R, <-F€
% k
0 if —g< Rtk <%
o tp,—1
5(R)=\ R, ife<R, <e- X 3(R,) °
mp=0
t-1 -1
- X &R,) ifR, >F- X 5(R,)
\ mp=0 mp=0

(8

with €=log(1+¢€). With these definitions the formula for
the lightness can be written as

1 N np—1
LG)=—=2 exp( > Sku’%tk)). 9)
Nk:l tp=1

This formula contains only sums and differences, and for
small values of € it coincides with the nonlogarithmic for-
mulation. The price to pay is that we have to take the
logarithms of the intensity of every pixel and we have to
exponentiate, but these operations are done only once per
path.

3. MATHEMATICAL ANALYSIS OF THE
FORMULA

Now that we have a formula to describe Retinex, we
would expect to make predictions about the model. Unfor-
tunately the presence of the threshold makes this task
hard to realize. In fact, to make predictions about the be-
havior of Retinex, we must know how many ratios are be-
low threshold, but this is impossible to know unless we
know the image and the topology of the paths.

What we are going to show now is that if we disregard
the threshold, then with the simplified version of formula
(3) we are able to make predictions about the qualitative
intrinsic behavior of Retinex and also about its behavior
in relation to its parameters.

A. Simplification of the Formula for e=0
We want to analyze formula (3) when e=0. When €=0, the
definition of the functions &, becomes much simpler:
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( t-1
R, if0<R, [] a®,)<1
mp=0
8(R,) =9 1 - ;
ty—1 .
iftR, [ 8R,)>1
H 6k(Rmk) kmk=0 "
\ mp=0

(10)

hence when the threshold is 0, §, behaves like the iden-
tity function or like the reset function.

To avoid a cumbersome notation we can eliminate the
subscript £ from the discussion by fixing attention on a
given path y starting in y(1)=j and ending in y(n)=i. Let
H be the value of the parameter of y such that y(H)=xp is
the pixel with highest intensity in the whole path.

If we write the contribution of y explicitly as

(1(x2)> (I(xH) ) (I(xH+1)) ( I(2) )
Sl —1 ... 8 S ... S ,
1) I(xg_y) I(xp) I(x,_1)

(11)

we can notice that the pixel xy enables the reset mecha-
nism. Suppose in fact that no reset occurs before xz; then
we have

I(xg) I(x3) 5( I(xp) )5<I<xg+l)) 5( 1(i) )
I(G) I(xy) I(xp_q) I(xg) I(x,_y) ’

(12)

and one can see immediately that the first ratios cancel
each other to give

I(xg_1) (I(xH) ) (I(xH+1)) ( 1) )
— 5| 5 ... . (13)
1(j) I(xg_q) I(xg) I(x,_q)

Now, the ratio I(xg)/I(xy_1) is surely greater than 1 be-
cause, by hypothesis, xy is the pixel with highest inten-
sity in vy ; moreover, thanks to the cancellations, the prod-
uct of this ratio and the previous ones reduces to

I(xH—l) I(xH) _I(xH)
1G) Ity IG)

and even this ratio is greater than 1, for the same reason
as above.

Thus the reset mechanism is enabled, and the chain of
products reduces to

(I(xH+1>) ( I(i) )
O\ ... Ol . (15)
I(xp) I(x, 1)

This conclusion remains true even if the reset mechanism
is activated by some other pixel before xz in the path y.
This can be seen by replacing j with the pixel that has
produced the last reset before x5 and then using the same
arguments as before.

The consequence is that when e=0 all the pixels trav-
eled by the path y before the pixel with highest intensity
are perfectly uninfluential for the computation of L(z).

After the pixel xy the reset mechanism is inhibited and
the & function reduces simply to the identity function.
This statement can be proved as follows: If all the ratios

(14)
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remain less than 1 until the end of the path, then the
statement is trivially true; if, instead, there exists a pixel
xgx, K>H, such that I(xg,{)/I(xg)>1, the reset mecha-
nism cannot be enabled because the product of ratios
R; ... Rg reduces to

I(xH+1) I(xH+2) I(XK) I(xK+1) 3 I(xK+1)
Icy) Icg,)  Iegy) g Ixg)

If there are other pixels with the same characteristic as
xg, the conclusion is unchanged. If there is more than one
pixel with the same intensity as xy, then all the consider-
ations above have to be referred to the last pixel with
highest intensity traveled by 7. All these considerations
show that the contribution of the path reduces simply to
1)/ I(xp).

Since the arguments just presented can be used for ev-

ery path, we have that their contributions are
L, il 17

=""",

% (@) T 17)

(16)

where xp, is the pixel with the highest intensity traveled
by 7y, for every k=1, ...,N. Thus formula (3) can be writ-
ten as follows:

1Y 16)
L@i)=— R 18
(i) NZI ) (18)
or
1Y -
L(i) = =2 exp(I(i) - I(xp,)) (19)
Nio

in the logarithmic formulation.

Thanks to the fact that I(i) is independent of %, i being
the end point of all paths, formula (18) can be written in
this alternative form:

1 N
L) =I1G)— , 20
(i) (‘)N,z o) (20)

which shows explicitly that at a mathematical level, Ret-
inex without threshold acts on the intensity of each pixel
as a multiplication operator, with the multiplicative fac-
tor given by the average of the inverse values of the high-
est intensities of the pixels traveled by the path 7.

The similarity to the von Kries algorithm is evident,
the big difference between the two models being that in
our model the inverses of the maximum values of inten-
sity are taken not by scanning the whole image but by
scanning only the pixels traveled by the paths.

This situation makes evident in a clear way the strong
image dependency and path dependency of the algorithm:
To different images and different paths there correspond,
in general, different values of I(xy,) and hence different
values of the lightness L(7). Also, the denser vy, ..., yy are
in the neighborhood of i, the more Retinex shows a local
behavior, because the probability of finding the pixels xg,
near i is greater.

Finally, we recall that the intensity values are normal-
ized, so O<I(ka)S 1 for every k=1,...,N, and then
E;;’:ll/l(ka) = N. It follows that L(i) =1(i) for every pixel i;
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this is a rigorous proof of the fact that an image filtered
with Retinex without threshold is always brighter than or
equal to the original one.

B. Difference between Retinex with and without
Threshold

We recall that the role of the threshold is to decrease the
effect of low channel intensity ratios, which correspond to
smooth shadings in the image. Now we want to compute
the highest difference between the values of lightness
given by Retinex with and without threshold, which obvi-
ously corresponds to the situation in which the paths
travel entirely a uniform gradient below threshold.

Let us consider, for example, the situation in which
there is a continuously decreasing gradient traveled by a
path 7y, such that the ratio of intensities at each junction
is less than or equal to 1-e.

The contribution of the algorithm without threshold is
1(i)/I1(j,), whereas the algorithm with threshold gives 1.
The highest difference between 1 and I1(i)/I(j,) is 1-(1
—¢)"~1, This can be easily shown considering the fact that
since the gradient is decreasing, the highest difference is
obtained by setting every ratio to 1—e€. From the first ra-
tio, I(x9)/I(j,)=1-€, one has I(xy)=(1-€)I(j,); hence
I(x3)/I(x9)=1-€ implies that I(x3)/[(1-€)I(j;)]=1-F¢, i.e.,
I(x5)=(1-€)2I(j,). Iterating these substitutions, one gets
Ii)=(1-e™ U(j,), and so 1-I()/I(j,)=1-(1-¢™ L
Analogous considerations can be written for increasing
gradients.

Figure 1(a) shows the gradient of gray levels between
50 and 150; Fig. 1(b) represents its filtered version by Ret-
inex without threshold. The gradient filtered by Retinex
with threshold gives a white image, and the difference be-
tween it and Fig. 1(b) is consistent with the predictions
above.

However, in real images, the probability that such a
gradient is entirely traversed by a path of generic geom-
etry is very small. For example, the usual threshold for an
image of size 320 X 240 is €=0.05, and with such a choice

(b)

Fig. 1. (a) Gradient of gray levels between 50 and 150. (b) gra-
dient filtered by Retinex without threshold.
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a path should cross 5120 pixels consecutively in the gra-
dient to pass from intensity 0 to intensity 255.

If the path travels alternately small decreasing and in-
creasing gradients, then the differences between Retinex
with and without threshold tend to compensate each
other, and the global difference reduces to a small value.

Moreover, since the lightness L(i) is obtained by the av-
erage of the contributions L,(i) of N paths, the global dif-
ference between the two algorithms will be smaller than
(or, at least, equal to) the differences due to the contribu-
tions of the paths that travel the uniform gradient.

Tests on images are in accordance with these consider-
ations: The rms difference, averaged in the three chro-
matic channels, between the images of our test set filtered
with the two algorithms is ~2%. The chosen test set is
composed of 31 images representing various subjects (e.g.,
portraits, landscapes, graphic images).

4. CONSEQUENCES OF THE FORMULA FOR
RETINEX WITHOUT THRESHOLD

Here we show how the formula for Retinex without
threshold can be used to predict what happens when the
algorithm is iteratively applied on an image and when the
number of paths grows to “very big values” (in a sense
that will be specified later).

A. Convergence of Multiple Iterations of Retinex
without Threshold

With the help of formula (18) we can prove that if an im-
age is filtered many times with Retinex without thresh-
old, then it converges to an image characterizable in a
simple way.

Mathematically, the operation of applying m-times Ret-
inex corresponds to the composition of the lightness func-
tion L with itself m times. To write down this composition
for the simplest case of m=2, we note that the first appli-
cation of Retinex modifies the intensity I(i) of every pixel
i into L(i); hence

1Y LG
20\ _ o . - —
L2(i) = (L°L)(i) Ngl L)’

(21)

where xg is the pixel with highest value of lightness in a
given chromatic channel along the path vy, after the first
application of Retinex. We stress that xp is in general dif-
ferent from xH,, which is the pixel with highest intensity
along 7y, before the first filtering operation.

L(i) is independent from the index £ and can be ex-
tracted from the sum and divided from both members to

give

L) 1Y 1
LG) NioLg)'

(22)

More generally, if we write with L™ the composition of
L with itself m times, one can see immediately that
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(b)

Fig. 2. (Color online) (a) Gallery original image. (b) Book origi-
nal image.

L@ 1% 1
>

Lm—l(i) Nk:l Lm_l(xH;En—l) ’ (23)
where xpm-1 is the pixel with highest value of lightness
along the path y, after m -1 application of Retinex to the
original image.

Equation (23) shows that every iteration of Retinex in-
creases the lightness of the generic pixel i or leaves it un-
changed. In fact, 0<L" l(xgym-1)<1, k=1,...,N, and
hence the right-hand side of Eq. (23) is =1 and so L™()
=L""Yi) for every pixel i.

In particular, the lightness of i is forced to grow until
the right-hand side of Eq. (23) reaches the value 1, but
this happens if and only if Lm‘l(xH;en—l)zl or, in other
words, when the lightness of (at least) one pixel in all the
paths y4,...,yn reaches the value 1. We call the image
with this characteristic the “image of convergence,” since
every further iteration of Retinex produces the same im-
age.

To test our results, we considered the RGB rms dis-
tance between subsequent iterations of Retinex without
threshold applied on two original images: Figs. 2(a) and
2(b). We performed tests using the same paths for every
iteration and also changing the paths randomly: Figs. 3(a)
and 3(b). As expected, the speed of convergence to the fi-
nal image is higher when the paths are kept fixed. All the
images of our test set show this decreasing behavior, but
the geometry of the curve is different for each image.

Finally, we recall that the value of the lightness L(i) is
referred to a single chromatic channel ¢ € {R,G,B}, and,
in general, the pixels in the paths y4, ..., yy with value 1
will be different for R, G, and B. If these pixels have the
same coordinates, then by superposition they produce iso-
lated white pixels in every path in the image of conver-
gence. This holds true for Retinex without threshold, in
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accordance with Eq. (23). The result is confirmed by our
tests, as can be observed in Figs. 4(a) and 4(b).

The analysis of the convergence of multiple iterations
of Retinex with threshold needs further investigation and
remains an open problem.

B. Behavior of Retinex without Threshold in Relation to
the Number of Paths

Here we analyze what happens when N —, where N is
the number of the paths that scan the image.

34

25 4.

. 15 — Fixed paths
difference
\ S Randompaths
1 -
05
12345678 9101112131415
Step of iteration
(a)
454
445
35 \
oL
s 26 \ ]
\‘ ——Fixed paths
difference 9 3
% e Randompaths
15
AN
05 e —
0

12345678 9101112131415
Step of iteration
(b)

Fig. 3. (a) Gallery iteratively filtered. (b) Book iteratively
filtered.

Fig. 4. (Color online) (a) Gallery image of convergence. (b) Book
image of convergence. (¢) Gallery filtered using paths with 24
nodes. (d) Gallery filtered using paths with 21° nodes.
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Mathematically speaking, we want to study the limit
condition,

L.(i) =)l 1% ! 24
() =1(0) Jim & Iem,)’ (24)

This is trivially analyzed for images composed of a single
color. For such images I(xy, )=I1(i) for every k, and so
L..(i)=I()/1(i)limy_..1/N=Y 1=limy_.N/N=1.

Let us analyze the limit condition for the more interest-
ing situation of nonmonochromatic images. First of all no-
tice that, a priori, we cannot say anything about the be-
havior of the argument of the limit for N —«, because it
depends on the image we are dealing with. For this rea-
son we are forced to analyze the problem by making rea-
sonable assumptions on how the number of the paths
grows to infinity.

To this end, note that it is not of interest to travel a
path more than once; in fact, the contribution L,(i) of a
path v, is completely determined by the pixel with high-
est intensity, and this is independent of how many times
it is traveled.

For this reason we choose to consider only paths trav-
eled once and with isolated self-intersections that join a
generic pixel j to the target i. Moreover, we order the
paths in relation to the number of pixels they travel.

These restrictions on the topology and the ordering of
the paths imply that as N grows, the paths explore bigger
and bigger portions of the image before reaching the tar-
get i. Consequently the probability of traveling the pixel
with the highest intensity in the whole image grows as N
grows. We denote this pixel by .

It follows that there exists a certain number N, such
that the paths labeled by an index N=N, will give the
contribution Lj;(i)=I()/I(xX) to the computation of L.(i),
and so

1 1 1
L.(G)=1I()lim — +
N—» N(I(le) I(xHZ)

1 N-N,
+ +
Iy, ) 1)

b (25)

The limit for N — « is convergent to 1/1(x), and hence
L.@)=10)/I(x). (26)

This formula implies that the algorithm, in the limit N
—oo, loses its local properties and reduces to a global
white-patch model, showing the relative weakness.

Figures 4(c) and 4(d) show the difference in the ability
of Retinex to remove the chromatic dominant using paths
with 24 nodes [Fig. 4(c)] and 219 nodes [Fig. 4(d)]. The rms
distance between the image filtered with a von Kries al-
gorithm and the Fig. 4(d) image is 0.

In particular, if I(x)=1 for every chromatic channel,
then L. (i)=1(i); i.e., if there is a white pixel in the image,
then the algorithm in the limit condition reproduces the
original image.
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5. CONCLUSIONS AND PERSPECTIVES

In this paper we proposed an analytic formula to describe
the Retinex algorithm mathematically. The background
in which the formula lies is independent of the topology of
the paths used by the algorithm to scan the image, and
hence the formula can be used for all the implementations
of the basic Retinex that differ from the geometry of the
paths used.

We developed a rigorous proof of the proposition that
the formula mathematically represents Retinex, and then
we analyzed its consequences. This analysis differs from
the one performed in Ref. 3 because we have used differ-
ent mathematical techniques and have also considered
the reset mechanism.

The formula for Retinex with threshold is not predic-
tive, in the sense that we are not able to say anything
about the qualitative behavior of the algorithm without
complete knowledge of the details of the image and the to-
pology of the paths. However, if the threshold is elimi-
nated, then the formula is consistently simplified, and
this leads to the possibility of making qualitative predic-
tions about the model.

Before the analysis of the consequences of the simpli-
fied formula, we quantified the greatest possible differ-
ence between Retinex with and without threshold. We
showed that the only situation in which we expect an ap-
preciable difference is when there are large areas of an
image characterized by small continuously decreasing (or
continuously increasing) gradients. In all the other cases
we expect the two algorithms to have very similar behav-
ior. Our test results agree with this expectation: We fil-
tered over 30 different real-world images with the two al-
gorithms and we found that the average rms difference is
~2%.

The first consequence of the formula for Retinex with-
out threshold is that the algorithm is intrinsically image
and path dependent. This results from the fact that the
algorithm acts on the intensity of each pixel simply as a
multiplication operator, where the multiplicative factor is
the average of the inverse values of the highest intensi-
ties of the pixels traveled by every single path; hence,
varying the image or the paths causes the factor (and so
the lightness of the pixel) to change.

Since the HVS is an efficient information stabilizer
that is able to extract constant information from a visual
scene regardless of illumination conditions, an interesting
issue to investigate is the behavior of the model when ap-
plied iteratively on its own results. This point, discussed
previously, as far as we know, only experimentally, is here
treated from a mathematical point of view. The analysis
confirmed that multiple iterations of Retinex converge to
a limit image that admits a full characterization: Every
path ending in a fixed target pixel has traveled, in each
chromatic channel, at least one pixel with a maximum
value. This is related to the white-patch behavior of Ret-
inex.

An important parameter of the model, and conse-
quently of the formula, is the number of paths N. The
local properties of Retinex are strongly related to this
parameter. Previous studies showed that, initially,
increasing the number of paths leads to more
accurate results, but this is not true for every value of N,
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the parameter N remains a key factor in the algorithm
tuning.18

Our mathematical formulation shows that as the num-
ber of paths grows, Retinex tends to a von Kries algo-
rithm, exhibiting only a global white-patch behavior. Con-
firming the experimental results, this behavior means
that the tuning problem is still open.

The topology of paths has not been considered in this
work and remains a major topic to be investigated in fu-
ture studies.

The authors’ e-mail addresses are provenzi
@dti.unimi.it, decarli@dti.unimi.it, rizzi@dti.unimi.it, and
daniele.marini@unimi.it
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